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We study the coupling between Majorana bound states (CMBS), which is mediated by a topologi-
cally trivial chain in the presence of pairing coupling and long-range coupling. The results show that
CMBS can be enhanced by the pairing coupling and long-range coupling of the trivial chain. When
driving the trivial chain by periodic driving field, we deduce the analytical expressions of CMBS
in the high-frequency limit, and demonstrate that CMBS can be modulated by the frequency and
amplitude of driving field. Finally we exhibit the application of tunable CMBS in realizing quantum
logic gates.
I. INTRODUCTION
Topological quantum computation [1, 2], immune to
certain types of noise, has attracted much attention since
it was proposed and becomes active again in recent years
due to the enormous progress in experiments. The gates
used in topological quantum computation is often con-
ducted by creating quasi-particles, braiding them, and
measuring their states. For quasi-particles, two well-
known types are Fibonacci anyons and Ising anyons [Ma-
jorana bound states (MBSs)]. The former are capable
of offering universal topological quantum computation,
while the latter can not form an universal set of gates by
only braiding operations. So non-topologically protected
gates have to be introduced in the MBSs-based computa-
tion, which always requires coupling between Majorana
bound states (CMBS). Although it makes some break-
through to pursue MBSs in theories [3–10] and experi-
ments [11–16], the question how to couple two MBSs is
barely explored.
Recently, Schmidt and his co-workers [17, 18] presented
proposals to couple MBSs by putting the system into a
microwave cavity, where the microwave field can effec-
tively drive population transfer between MBSs. The au-
thors found that if the microwave frequency approaches
the band gap of the topologically trivial region, CMBS is
exponentially enhanced. In other words, CMBS is con-
trollable by modulating microwave frequency or changing
the number of photons in the cavity. However, CMBS is
relatively small in this system and one cannot very eas-
ily control the parameters to realize unitary operation of
qubit formed by MBSs. In this work, we study how to en-
hance CMBS by the pairing coupling and long-range cou-
pling in the central chain, and CMBS can be modulated
by periodic driving field. In particular the universal Ma-
jorana qubit rotation (UMQR) can be implemented by
simply controlling the tunable local gate voltage (TLGV)
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with square-wave form.
The paper is organized as follows. In Sec. II we first
briefly review the Kitaev model and calculate CMBS in
presence of pairing coupling of the central chain. In Sec.
III we explore the enhancement of CMBS when there
exist pairing couplings at the boundaries and long-range
coupling in the trivial chain. In Sec. IV we develop a
scheme to control CMBS by modulating the amplitude
or the frequency of driving field. Sec. V is devoted to
discussions and conclusions.
II. CMBS INDUCED BY THE TRIVIAL CHAIN
Consider an inhomogeneous Kitaev chain [19] which
can be divided into three homogeneous parts. The total
Hamiltonian of the whole chain reads
Htotal = Hl +Hc +Hr +Hlc +Hrc, (1)
where Hl (Hr) denotes the Hamiltonian of left (right)
chain with sites from −N1 (N + 1) to −1 (N2), and Hc
represents the Hamiltonian of central chain with sites
from 0 to N . Hlc (Hrc) denotes the Hamiltonian of the
coupling between the left (right) chain and the central
chain. To be specific the Hamiltonian of the three homo-
geneous Kitaev chains is expressed as
Hν =
M ′ν∑
n=Mν
µνa
†
nan −
M ′ν−1∑
n=Mν
(
tν
2
a†nan+1
+
∆νe
iφν
2
a†na
†
n+1 + h.c.), (2)
where an and a
†
n are the spinless fermion creation and
annihilation operators at site n with chemical potential
µν (ν = l, c, r). Mν = {−N1, 0, N + 1} and M ′ν =
{−1, N,N2} label the beginning and end sites of the left,
central, and right chain, respectively. tν and ∆νe
iφν are
the hopping and pairing amplitudes, respectively. Since
the phase of the pairing amplitude can be removed from
the Hamiltonian by a gauge transformation, we here and
hereafter assume both tν and ∆ν to be real.
2Physically, the Kitaev model can be exactly mapped
into the spin- 12 chain with XY interactions [20], the quan-
tum system of the semiconductor nanowire proximity
coupling to a s-wave superconductor [21, 22], or the
atomic chains [23, 24]. This paradigm model shows plen-
tiful fascinating topological properties and there are two
distinct phases, i.e., the topologically trivial and nontriv-
ial phases. The critical points lie at µνtν = 1 and ∆ν = 0
[19].
By choosing µl = µr = 0 (the chemical potential can
be modulated by TLGV Vi shown in Fig. 1) and ∆l =
∆r = tl = tr for the left and right chains, both chains are
in the topologically nontrivial phase. As a result there
exist MBSs at the ends of both chains, depicted by the
stars in Fig. 1. If one defines Majorana operators
γn = an + a
†
n, γ
′
n = i(a
†
n − an), n = −N1, ..., N2, (3)
after substituting them into Eq.(2), the Hamiltonian of
left (right) chain becomes
Hν = i
tν
2
M ′ν−1∑
n=Mν
γnγ
′
n+1, ν = l, r. (4)
Clearly, the Majorana operators γn and γ
′
n+1 are cou-
pled with different sites. In particular the Majorana
operators γ′N1 = i(a
†
−N1 − a−N1), γ−1 = a−1 + a†−1,
γ′N+1 = i(a
†
N+1 − aN+1), and γN2 = aN2 + a†N2 do not
appear in Eq. (4), leading to the emergence of four MBSs
in the chains. Since the four MBSs are decoupled to the
remaining sites and only locate at the end of both left
and right chains, we can ignore the Hamiltonian of the
remaining sites when studying CMBS.
 
FIG. 1: Schematic illustration for realizing universal Majo-
rana qubit rotation in the Kitaev chain. There is a direct rela-
tionship between the Kitaev model and the solid state system
in the low-density limit (for details, see Refs. [18, 25]). The
braiding operation can be realized in the T-junction on the
left chain by adiabatically controlling TLGV Vi in sequence,
and the CMBS can be modulated by the voltage Vc.
To couple MBSs γ−1 and γ′N+1, the parameters{µc, tc,∆c} should be chosen to guarantee the central
chain is in topologically trivial phase. Otherwise the
MBSs γ−1 and γ′N+1 would disappear in this inhomoge-
neous chain. As we just consider the nearest-neighbour
interactions in Eq. (2), only the MBSs γ−1 and γ′N+1 can
be coupled to the central chain. So the Hamiltonian of
interest is given by [26]
Hi = Hc +Hlc +Hrc,
Hlc = − t1
2
γ−1(a0 − a†0),
Hrc = − it2
2
(aN + a
†
N )γ
′
N+1. (5)
In order to obtain the energy spectrum of the central
chain, it is convenient to carry out Fourier transform
an =
1√
N+1
∑
k ake
ikn by imposing periodic boundary
condition (we have set the lattice spacing to be unit and
Fourier transform will be precise when the number of
sites is large, N ∼ ∞). The validity of Fourier transform
is also verified by numerical calculations in Fig. 2. The
Hamiltonian of the central chain now becomes
Hc =
∑
k
(µc − tc cos k)a†kak − i∆c sin ka†ka†−k + h.c. (6)
One can rewrite the above Hamiltonian in a normal
Bogoliubov-de Gennes (BdG) form by defining a two
component operator A†k = [a
†
k, a−k], i.e.,
Hc =
∑
k
A
†
kHkAk, Hk =
(
hz −ihy
ihy −hz
)
, (7)
where hz = µc−tc cos k and hy = ∆c sin k. Consequently
the Hamiltonian is further simplified as (up to a constant)
Hc =
∑
k
Ekb
†
kbk, (8)
where the quasi-particle operator bk is defined as bk =
ukak − vka†−k and the energy spectrum of the central
chain is given by Ek =
√
(µc − tc cos k)2 +∆2c sin2 k,
|uk| =
√
1
2 (1 +
µc−tc cos k
Ek
), |vk| =
√
1
2 (1− µc−tc cos kEk ).
Using the above notations, we can rewrite the Hamilto-
nian of interest more explicitly as
Hi =
∑
k
Ekb
†
kbk −
∑
k
t1
2
γ−1[(uk + vk)b
†
k − (u∗k + v∗k)bk]
−
∑
k
t2
2
[e−ikN (uk − vk)b†k + eikN (u∗k − v∗k)bk]γ′N+1.
(9)
Since we are particularly interested in the low-energy
dynamics of system, we apply Schrieffer-Wolff transfor-
mation [27] to eliminate high-energy spectrum. We de-
note the first term in Eq. (9) by H0 and the remaining
terms by H1. By choosing the unitary transformation S
to satisfy the relation [H0,S] = H1, one has
S =
∑
k
t1(uk + vk)γ−1bk − t1(u∗k + v∗k)b†kγ−1
2Ek
+
∑
k
t2e
ikN (uk − vk)γ′N+1bk − t2e−ikN (u∗k − v∗k)b†kγ′N+1
2Ek
.
(10)
3Making use of the Baker-Hausdorff formula: e−SHieS =
Hi+[Hi,S]+ 12 [[Hi,S],S]+· · · , and keeping the terms up
to first order, we obtain an effective Hamiltonian between
the adjacent MBSs γ−1 and γ′N+1, i.e.,
H0N = iǫγ−1γ′N+1, ǫ =
t1t2√
µ2c +∆
2
c − t2c
e−N/ε0. (11)
Here ε0 is the coherence length, ε
−1
0 = ln
∆c−tc√
µ2c+∆
2
c−t2c−µc
.
ǫ represents the amplitude for the MBSs tunneling across
the central chain. Eq. (11) demonstrates that the effec-
tive coupling between MBSs γ−1 and γ′N+1 can be in-
duced by the central chain. This is a virtual co-tunneling
process since there exists energy gap in the central chain
and real electrons and holes cannot tunnel from one MBS
to another. In addition, the coupling strength ǫ depends
exponentially on the length N . When N is large enough,
the degeneracy energies of MBSs are in the energy gap,
which is the reason why MBSs are topologically pro-
tected. In Fig. 2(a), we plot the coupling strength ǫ
versus the chemical potential µc with different pairing
amplitudes ∆c. It is readily observed that the analytical
solutions of ǫ are in well agreement with the numerical
solutions when the chemical potential is large enough and
the coupling strength ǫ decreases with the increasing of
chemical potential µc, reminiscent of the results where
the Majorana qubit setup is placed in a microwave cavity
[18]. However, one also finds that the coupling strength
ǫ is enhanced by the pairing amplitude ∆c of the central
chain, which is not mentioned in Ref. [18]. Physically,
it originates from the fact that large pairing amplitude
∆c would broaden the energy spectrum [cf. Ek in Eq.
(8)], leading to more quasi-particles participating in the
co-tunneling process. As a result the coherence length ε0
also increases accordingly, which is verified in Fig. 2(b).
FIG. 2: (a) The coupling strength ǫ as a function of the
chemical potential µc with different pairing couplings ∆c,
N = 10. The circle and solid lines are exact solutions by nu-
merically diagonalizing the Hamiltonian (1) with and without
periodic boundary condition respectively, indicating no obvi-
ous difference by imposing periodic boundary condition. The
dot line is approximate analytical solutions described by Eq.
(11). All parameters are in units of hopping amplitude, i.e.,
t1 = t2 = tl = tr = tc = 1. (b) The coherence length versus
the pairing amplitude with µc = 3.
III. THE ENHANCEMENT OF CMBS
In Eq. (5), we just consider the hopping coupling at the
boundaries between left (right) chain and central chain.
When existing pairing coupling at the boundaries, the
Hamiltonian of interest becomes
Hi = Hc +Hlc +Hrc,
Hlc = − t1
2
γ−1(a0 − a†0)−
∆1
2
(a†−1a
†
0 − a−1a0),
Hrc = − it2
2
(aN + a
†
N )γ
′
N+1 −
∆2
2
(a†Na
†
N+1 − aNaN+1),
(12)
where Hc is the same as in Eq. (5). By using the Ma-
jorana operators representation in Eq. (3), the Hamilto-
nian can be rewritten as,
Hlc = − t1 +∆1
2
γ−1(a0 − a†0) +
i∆1
2
γ′−1(a0 + a
†
0),
Hrc = − i(t2 +∆2)
2
(aN + a
†
N )γ
′
N+1 +
∆2
2
(aN − a†N )γN+1.
(13)
The second term in the Hamiltonian Hlc (Hrc) can be ig-
nored if we only consider CMBS, but this term affects the
spatial distribution of the MBSs γ−1 and γ′N+1. Hence
the effective hopping coupling between the central chain
and the left (right) chain is enhanced as t1+∆12 (
t2+∆2
2 ).
As a result, the value of coupling strength ǫ increases in
the existence of pairing coupling at the boundaries.
Figs. 3(a)-(b) demonstrate the coupling strength ǫ as
a function of the pairing amplitude ∆c. It is observed
that the analytical solutions are in well agreement with
the numerical solutions when µc is large enough, and the
coupling strength ǫ can reach a relatively high value even
though the central chain is long. Note that CMBS would
in turn affect the spatial distribution of MBSs γ−1 and
γ′N+1. Especially, the spatial distribution of MBSs will
be greatly modified when the coupling strength ǫ is large,
as shown in Figs. 3(c)-(e).
On the other hand, when the central chain exists long-
range coupling [e.g., the next-nearest-neighbor (NNN)
couplings], the Hamiltonian can be described by
Hc =
N∑
n=0
µca
†
nan −
2∑
m=1
N−m∑
n=0
(
tcm
2
a†nan+m
+
∆cm
2
a†na
†
n+m + h.c.). (14)
Physically, with the help of Raman laser, this model can
be realized by the system of fermi atoms trapping in op-
tical lattice with zigzag structure and coupling to a 3D
Bose-Einstein condensate (BEC) reservoir, as shown in
Fig. 4. The relative strength of hopping amplitudes tc1
and tc2 can be modulated by changing the zigzag geom-
etry. For details, we refer readers to Ref. [28, 29]. In
4FIG. 3: (a) The coupling strength ǫ as a function of the
pairing amplitude ∆c with different chemical potentials µc,
N = 10. The solid line and dot line denote the exact nu-
merical solutions and the approximate analytical solutions
respectively, where the hopping amplitude t1t2 are revised
as (t1 +∆1)(t2 +∆2). All parameters are chosen in units of
hopping amplitude in the central chain. ∆1 = ∆2 = 5. (b)
The exact numerical solutions of coupling strength ǫ versus
the pairing amplitude ∆c when µc = 2, ∆1 = ∆2 = 1. (c)-(e)
The spatial density distribution of MBSs γ−1 and γ
′
N+1 versus
different coupling strength ǫ. (c) ǫ = 0.0337. (d) ǫ = 0.2055.
(e) ǫ = 0.2519.
this case, the coupling Hamiltonian at the boundaries
between left (right) chain and central chain reads
Hlc = − t1
2
γ−1(a0 − a†0)−
t′1
2
γ−1(a1 − a†1),
Hrc = − it2
2
(aN + a
†
N )γ
′
N+1 −
it′2
2
(aN−1 + a
†
N−1)γ
′
N+1.
(15)
 
FIG. 4: The zigzag structure of the Kitaev chain which can
be realized in optical lattices.
Following the similar derivation procedures in Eqs.
(5)-(11), one can estimate the effective Hamiltonian of
CMBS,
H ′0N = iǫγ−1γ
′
N+1
ǫ =
∑
k
∣∣∣ lim
z→zk
(z − zk)2(t1z + t
′
1)(t2z + t
′
2)z
N−1∏4
i=1(z − zi)
∣∣∣,
zk ∈
{
zi
∣∣∣|zi| < 1, i = 1, 2, 3, 4
}
, (16)
where zi (i = 1, 2, 3, 4) is the root of the quartic equation
(∆c2−tc2)z4+(∆c1−tc1)z3+2µcz2−(∆c1+tc1)z−(∆c2+
tc2) = 0. Obviously, the Hamiltonian returns to Eq. (11)
if one sets tc2 = ∆c2 = 0. Fig. 5 depicts the relation
between the coupling strength and the parameters of the
central chain. One observes that the analytical solutions
are in well agreement with the numerical solutions when
µc ≫ tc, i.e., Ek ≫ t1,2. In the presence of long-range
coupling, the coupling strength ǫ is also enhanced since
it takes minimum when tc2 = ∆c2 = 0, as shown in
Fig. 5(b). The results are not surprising since there are
multiple channels for electrons co-tunneling in the long-
range coupling regime, i.e., the NNN hopping amplitude
also makes contributions to the electrons co-tunneling
process.
FIG. 5: (a) The coupling strength ǫ as a function of the
chemical potential µc. N = 10. tc2 =
1
2
tc1. ∆c2 =
1
2
∆c1.
t1 = t2 = tc1. t
′
1 = t
′
2 = tc2. The solid line and dot line
denote the exact numerical solutions and the approximate
analytical solutions, respectively. (b) The coupling strength ǫ
as a function of the hopping amplitude and pairing amplitude.
µc = 2. ∆c1 = 5.
IV. MODULATION OF CMBS BY PERIODIC
DRIVING
As shown in Sec. II, CMBS is closely related to the
chemical potential, the hopping amplitude, and the pair-
ing amplitude of the central chain [cf. Eq. (11)], which
implies that we can modulate the coupling strength ǫ by
varying the values of those parameters. Considering the
hopping amplitude and the pairing amplitude cannot be
easily manipulated in practice, we first explore the rela-
tion between the coupling strength ǫ and the chemical
potential µc. Here, we do not intend to plot directly the
dependence of ǫ on µc. Instead, we show the dependence
of Rabi oscillation between two MBSs on µc. By reveal-
ing different values of Rabi frequency, it can show not
only how the coupling strength changes with the chemi-
cal potential [since distinct coupling strengths can reflect
on distinct Rabi frequencies, cf. Eq. (24)], but also how
well the Majorana qubit works.
To demonstrate Rabi oscillation, we first write down
the total Hamiltonian of inhomogeneous chain in the
BdG form: Htotal =
1
2A
†HtotalA, where the basis A =
[a−N1 , ..., aN2 , a
†
−N1 , ..., a
†
N2
]T . In fact, the MBSs is the
eigenstates of BdG Hamiltonian Htotal corresponding
5to zero eigenvalue. Suppose that the inhomogeneous
chain is initially prepared in the left MBS γ−1, i.e.,
|Ψ(0)〉 = 1√
2
(| − 1〉 + |N 〉). Here, the label |m〉 denotes
the vector with components |m〉j = δmj in the basis A,
m, j ∈ {−N1, ..., 2N}, and N denotes the total number
of sites. With these notations, the dynamics of inhomo-
geneous chain is governed by following equation [30]
i
d|Ψ(t)〉
dt
= Htotal|Ψ(t)〉, (17)
In Fig. 6, we plot the population of |Ψ(0)〉 (i.e., the left
MBS γ−1) as a function of evolution time. If there does
not exist CMBS, the Rabi oscillation can not appear in
the system, as depicted in Fig. 6(a). In Figs. 6(b)-(d),
different chemical potentials µc result in different Rabi
frequencies. When the chemical potential is large, the
coupling strength would be small, leading to a small Rabi
frequency. That is, the Rabi frequency increases with the
decreasing of the chemical potential. Similarly, one can
modulate the coupling strength by changing the pairing
amplitude, as the blue-dark lines show in Fig. 7. Besides,
the coupling strength can also be modulated purely by
the phase of pairing amplitude, e.g., Refs. [25, 31–33].
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FIG. 6: Population of |Ψ(0)〉 as a function of evolution time.
The system is in the MBS γ−1 initially. The other parameters
are N = 20, µl = µr = 0, ∆l = ∆r = tl = tr = 5, ∆c = 5,
t1 = t2 = tc, N = 10. (a) µc = 10. (b) µc = 3. (c) µc = 2.5.
(d) µc = 2.
Since the pairing amplitude is inherently determined
by the property of superconductors, it may be difficult to
directly modulate with current techniques. In following
we show that this goal can be reached by periodically
driving the central chain, and the Hamiltonian of periodic
driving field reads
Hµ(t) = µ0 cosωt
N∑
n=0
a†nan, (18)
where µ0 and ω are the amplitude and the frequency
of the periodic driving field, respectively. In a realistic
situation, this driving field can be achieved by applying
t
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FIG. 7: Population of |Ψ(0)〉 as a function of evolution time.
The system is in the MBS γ−1 initially. The other parameters
are µl = µr = 0, ∆l = ∆r = tl = tr = 5, µc = 2, t1 = t2 =
tc, N = 10. (a) ∆c = 0. (b) ∆c = 2. (c) ∆c = 5. (d)
∆c = 10. The blue-dark lines are the exact numerical results
obtained by Eq. (1), and the green-grey lines are plotted
by the Hamiltonian given in Eq. (19). The effective pairing
amplitude are the same for two lines in each panels.
an external ac electric potential to TLGV, since the on-
site chemical potential can be modulated by TLGV.
At first, in the rotation frame defined by the unitary
transformation, U(t) = e−i
µ0
ω
sinωt
∑N
n=0
a†nan , the effec-
tive Hamiltonian of the whole chain reads,
H ′total = U
†(t)[Htotal +Hµ(t)]U(t)− iU †(t)U˙ (t),
= Hl +Hr +H
′
c +H
′
lc +H
′
rc,
H ′c =
N∑
n=0
µca
†
nan −
N−1∑
n=0
(
tc
2
a†nan+1
+ei
2µ0
ω
sin(ωt)∆c
2
a†na
†
n+1 + h.c.),
H ′lc = −e−i
µ0
ω
sin(ωt) t1
2
a
†
−1a0 + h.c.,
H ′rc = −e−i
µ0
ω
sin(ωt) t2
2
a
†
N+1aN + h.c., (19)
where Hl and Hr are invariant under this rotation. By
making use of the identity
eix sinωt =
∞∑
n=−∞
Jn(x)einωt, (20)
where Jn(x) is the n-order Bessel function, the time-
dependent effective Hamiltonian in the high-frequency
6limit (i.e., ω ≫ µc, tc) becomes
H ′c =
N∑
n=0
µca
†
nan −
N−1∑
n=0
(
tc
2
a†nan+1
+
∆c
2
J0(2µ0
ω
)a†na
†
n+1 + h.c.),
H ′lc = −
t1
2
J0(µ0
ω
)a†−1a0 + h.c.,
H ′rc = −
t2
2
J0(µ0
ω
)a†N+1aN + h.c. (21)
One finds from Eq. (21) that the pairing amplitude of
central chain is modulated by the amplitude and the fre-
quency of driving field through zero-order Bessel func-
tion, i.e., ∆eff =
∆c
2 J0(2µ0ω ). In the presence of driv-
ing field, we plot the time evolution of the MBSs by the
green-grey lines in Fig. 7. The results show that, even
though the effective pairing amplitude with driving field
equals to the pairing amplitude without driving field, the
Rabi frequency is still a bit different in two cases. This
originates from the fact that the effective hopping ampli-
tudes at boundaries are also changed by driving field [see
the expressions ofH ′lc andH
′
rc in Eq. (21)], rendering the
correction of Rabi frequency. We would like to address
that, this correction does not make difference for UMQR
as it only changes evolution time to complete correspond-
ing operations. Interestingly, we can also modulate the
effective hopping amplitude at boundaries by driving field
to control CMBS. It is demonstrated in Fig. 8(a) that the
adjacent MBSs γ−1 and γ′N+1 are decoupled by making
the effective hopping amplitude at boundaries (H ′lc and
H ′rc) vanish, i.e., setting J0(µ0ω ) = 0. Otherwise, CMBS
can be really induced, manifesting in the Rabi oscillation
shown in Figs. 8(b)-(d).
V. DISCUSSION AND CONCLUSION
As well known, an ordinary spinless fermion can be
used to encode a logical qubit because it can span a
two-dimensional Hilbert space (occupy or empty). How-
ever it is not true for MBSs since the operators satisfy
γi = γ
†
i and γ
2
i = 1. By recombining the operators γi,
one can use two MBSs to construct a Dirac fermion, e.g.,
d1 =
1
2 (γ
′
N1
+iγ−1) and d2 = 12 (γ
′
N+1+iγN2) in Fig. 1. It
seems that a logical qubit can be encoded by two MBSs
now. Nevertheless, for the system with parity conserva-
tion (calculated through the Dirac fermions formed by
MBSs), the coherent superposition of MBSs with differ-
ent parities is prohibited. Therefore a logical qubit can-
not be encoded by two MBSs in the parity conservation
system. To guarantee two computational bases having
same parity, four MBSs is necessary (see γ′N1 , γ−1, γ
′
N+1,
and γN2 in Fig. 1). For instance, we can construct the
Majonara-based qubit in the odd parity subspace,
|1102〉 = d†1|0102〉, |0112〉 = d†2|0102〉, (22)
FIG. 8: The population of each sites in |Ψ〉 as a function of
time. The MBS γ−1 locates at the site −1 initially. ∆c = 10.
N = 20. (a) J0(
µ0
ω
) = 0. (b) J0(
µ0
ω
) = 0.8605. (c) J0(
µ0
ω
) =
0.9120. (d) J0(
µ0
ω
) = 0.9696. The other physical parameters
are the same as in Fig. 7. The three part of Kitaev chain are
decoupled from each other when J0(
µ0
ω
) = 0, and there exists
Rabi oscillation between the adjacent MBSs γ−1 and γ
′
N+1
when J0(
µ0
ω
) 6= 0, where the MBSs γ′N+1 locates at site 11.
where |0102〉 is the vacuum state of Dirac fermions.
The topologically protected single qubit operations are
achieved by exchanging spatial positions of the MBSs γ′N1
and γ−1, which exhibit the non-Abelian statistics. This
braiding operation, i.e., the π4 phase gate, is represented
by the following unitary operation
UN10 = e
iπ
4
σz , (23)
where σz = |1102〉〈1102| − |0112〉〈0112|. This process can
be realized in the one-dimensional semiconducting wires
with T-junction by controlling TLGV adiabatically [25].
Note that the braiding operation is insufficient for real-
izing universal quantum computation since it is not able
to perform arbitrary single qubit rotations [2, 34], which
are usually not topologically protected (rotation angle
θ 6= π2n, n is integer).
When there exists CMBS in the system (it has been
also investigated in the continuous model instead of
lattice model [35–41]), the effective Hamiltonian takes
H0N =
iǫ
2 γ−1γ
′
N+1. We can obtain the following unitary
operation for a fixed evolution time
U0N (t) = e
− iǫt
2
σx , (24)
where σx = |1102〉〈0112|+|0112〉〈1102|. Together with the
braiding operation UN10, one can implement UMQR via
the successive operations U ′ = U0N (t2)UN10U0N (t1) [18].
To realize the operation U ′, exact control over CMBS
with a fixed evolution time is required. This is crucial
since the procedure is usually not topologically protected.
The other consideration is that the MBSs should decou-
ple instantaneously from each other after (before) the
7coupling of the adjacent MBSs. As shown in Figs. (6)-
(8), the two considerations are sufficiently solved since
the modulation of the amplitude or frequency of the elec-
tric potential on TLGV can be controlled with high pre-
cision. For example, in order to manipulate the chemical
potential, we adopt two distinct voltages, e.g., µc1 = 10
and µc2 = 2.5 as shown in Fig. 6(a) and Fig. 6(c). We
first apply a low voltage µc2 for periods of time t1 to re-
alize the operation U0N (t1). Then we switch it to a high
voltage µc1 to realize the braiding operation UN10. Next
we change the gate to the low voltage µc2 for periods of
time t2 to realize the operation U0N (t2). Finally we take
back to the high voltage µc1 to cancel CMBS. This sug-
gests that UMQR can be realized by changing TLGV in
a square-wave form, composed by µc1 and µc2. In fact,
the results are the same as in the case where the driving
frequency is switched to ω1 or ω2 in sequence; see Fig.
8(a) and Fig. 8(c).
In conclusion, we have studied CMBS in the inhomo-
geneous Kitaev chain with short-range and long-range
coupling. We demonstrate that CMBS depends sharply
on the pairing amplitude and the chemical potential of
the central chain. Particularly, CMBS is remarkably en-
hanced when existing the pairing amplitude or long-range
coupling. In additional we have explored the dependence
of CMBS on the frequency and amplitude of the driving
field. These results suggest that there are many ways
to change CMBS such as manipulating the chemical po-
tential of central chain, or modulating the effective pair-
ing amplitude of central chain which can be realized by
changing the frequency (or amplitude) of driving field.
Finally, we have demonstrated the application of tunable
CMBS, i.e., implementing unitary rotation operations for
quantum computation.
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